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ABSTRACT
The tearing mode instability is one important mechanism that may explain the triggering of fast
magnetic reconnection in astrophysical plasmas such as the solar corona. In this paper, the linear
stability analysis of the tearing mode is carried out for a current sheet in the presence of a guide
field, and including the Hall effect. We show that the presence of a strong guide field does not modify
the most unstable mode in the two-dimensional wave vector space orthogonal to the current gradient
direction, which remains the fastest growing parallel mode. With the Hall effect, the inclusion of a
guide field turns the non-dispersive propagation along the guide field direction to a dispersive one. The
oblique modes have a wave-like structure along the normal direction of the current sheet and a strong
guide field suppresses this structure while making the eigen-functions asymmetric.
Keywords: Solar magnetic reconnection (1504), Plasma physics (2089), Magnetohydrodynamics (1964)
1. INTRODUCTION
Magnetic reconnection is a process that allows the
topology of the magnetic field to change in a plasma,
leading to the conversion of magnetic energy into ther-
mal and kinetic energy. It is thought to be the cause of
various explosive phenomena in astrophysical plasmas
such as coronal mass ejections (CMEs) and geomagnetic
storms.
Since the original Sweet-Parker model of reconnec-
tion (Sweet 1958; Parker 1957) an open question has re-
mained, namely how the release of magnetic energy can
Corresponding author: Chen Shi
cshi1993@ucla.edu
proceed as fast as seen observationally. In the Sweet-
Parker model, the reconnection rate inside a resistive
current sheet scales as R ∼ S−1/2L , where R = Vin/Vout
measures the speed of the plasma inflow carrying the
magnetic flux into the reconnection region, SL = LVA/η
is the Lundquist number, where L is the scale length of
the current sheet, η is the magnetic diffusivity, VA is the
upstream Alfve´n speed, and Vout ∼ VA. As pointed out
by Parker (1957), in most astrophysical plasmas, SL is
extremely large (e.g. SL > 10
8 in the solar atmosphere),
meaning that the reconnection rate is too slow to explain
explosive phenomena in such astrophysical plasmas.
In the last two decades, great progress was achieved
in understanding the triggering of fast reconnection
through the tearing mode instability first analyzed by
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Furth et al. (1963). The tearing mode instability inside
an infinite (1D) current sheet has a maximum growth
rate γτa ∼ S−1/2a where Sa = aVA/η is the Lundquist
number measured by the thickness of the current sheet
and τa = a/VA is the characteristic Alfve´n time. Al-
though it seems from the above relation that the growth
rate of tearing instability is very low when Sa is large,
it was noticed that, in a two-dimensional current sheet,
i.e. a current sheet with finite aspect ratio a/L, the
re-normalized growth rate has a different scaling rela-
tion with the Lundquist number SL: γτL ∼ SαL where
τL = L/VA and α depends on the aspect ratio of the
current sheet (Tajima & Shibata 2002; Loureiro et al.
2007). Especially, for a Sweet-Parker type current sheet
whose aspect ratio obeys a/L ∼ S−1/2L , one obtains
γτL ∼ S1/4L . This positive scaling relation leads to enor-
mous growth rates for large Lundquist number, mean-
ing that a thinning current sheet will break up due to
the fast-growing tearing instability before it ever reaches
the Sweet-Parker aspect ratio. Pucci & Velli (2013)
argued that once a scaling aspect ratio a/L ∼ S−1/3L
is reached and the growth rate of the most unstable
mode becomes independent of SL, any further current
sheet thinning will be disrupted by reconnection. They
called this limit “ideal tearing” (IT). Tenerani et al.
(2015) and Landi et al. (2015) confirmed this scenario
by means of resistive-MHD simulations showing that in
a collapsing current sheet, fast plasmoid-generation oc-
curs when the aspect ratio of the current sheet reaches
the IT threshold. In addition, the subsequent evolu-
tion leads to a nonlinear recursive reconnection stage
(see also Shibata & Tanuma 2001). More recently, Shi
et al. (2018) showed how the decreasing Lundquist num-
ber of the higher-order current sheets generated during
the recursive x-point collapse between islands quenches
the regeneration, while Shi et al. (2019); Papini et al.
(2019) discussed the role of he Hall, or ion kinetic effects,
in increasing the x-point separatrix angle, accelerating
reconnection while quenching subsequent plasmoid for-
mation.
From the linear point of view, other progress made in
the last several years includes the study of the oblique
tearing mode in the case of a strong guide field and the
introduction of kinetic effects in the IT scenario. On
the former Baalrud et al. (2012) showed that, in the
constant-ψ (where ψ refers to the magnetic flux func-
tion) regime, i.e. large-kx regime where kx is the parallel
wave number, the fastest growing modes are no longer
the parallel modes but modes with finite kz, where kz
is the wave number along the guide field direction. On
the latter, Pucci et al. (2017) extended the ideal tearing
theory to include the Hall effect and calculated the mod-
ified critical aspect ratio which triggers the ideal tearing
mode. In this study, we carry out a linear analysis of
the tearing mode instability in a generalized configura-
tion. We allow a guide field with arbitrary strength and
include the Hall effect. We numerically solve the lin-
ear eigenvalue problem for the oblique tearing modes.
We show that, although a guide field results in a reso-
nant surface departing from the parallel direction in the
constant-ψ regime, the overall fastest growing mode in
the (kx, kz) plane is still parallel, i.e. the same one with
the case without guide field. With the Hall effect, the
guide field generates a dispersive ω(kz) where ω is the
oscillation frequency. The paper is organized as follows.
In Section 2, we present the linear equation set that we
solve. In Section 3 we show the numerical solutions of
the linear equation set. In Section 4, we conclude this
study and discuss possible future works.
2. LINEAR MHD EQUATION SET FOR OBLIQUE
TEARING MODE
We start from the three-dimensional MHD equation
set with Hall term and resistive term. The background
flow is assumed to be 0 everywhere (U ≡ 0) and the
background density is assumed to be uniform ρ0 ≡ 1.
The background magnetic field is of the form
B0 = Bx(y)eˆx +Bz(y)eˆz (1)
where Bz is the guide field and the background pressure
P = P (y) such that
P (y) +
1
2
[
B2x(y) +B
2
z (y)
]
= Const (2)
The above configuration is a solution to the Hall-MHD
equation set. In this study, we will restrict the back-
ground magnetic field to be a Harris current sheet (Har-
ris 1962) plus a uniform guide field
Bx(y) = B0 tanh
(y
a
)
, Bz(y) = Bg (3)
with B0 ≡ 1, a ≡ 1, and Bg being a varying parameter.
We write perturbations in the form:
u = u(y)eγt+ik·x, b = b(y)eγt+ik·x (4)
where k = kxeˆx + kz eˆz. We assume incompressibility
∇ · u = 0. (5)
The equation set for u and b is written as (taking curl of
the 1st-order momentum equation to get rid of pressure
pT1 )
γ∇× u = ∇× (B · ∇b + b · ∇B) (6a)
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γb = B · ∇u− u · ∇B + 1
S
∇2b− γdi∇× u (6b)
Here S = aVA/η is the Lundquist number and di is the
normalized ion inertial length. We adopt the method
by Cao & Kan (1991) to simplify the equation, i.e. we
rotate the coordinate system with respect to the y-axis
such that the new x˜ axis is aligned with the wave vector:
k = keˆx˜ (7)
where k =
√
k2x + k
2
z . Then the problem becomes essen-
tially 2D because ∂z˜ ≡ 0. In the new coordinate system
we get the new form of the background magnetic field
B˜x˜(y) = Bx(y) cos θ +Bz(y) sin θ (8a)
B˜z˜(y) = −Bx(y) sin θ +Bz(y) cos θ (8b)
where θ = arctan (kz/kx). The closed equation set for
(uy, by, bz˜) is
γ
(
u′′y − k2uy
)
= k
[
B˜x˜b
′′
y −
(
B˜′′x˜ + k
2B˜x˜
)
by
]
(9a)
1
S
(
b′′y − k2by
)
=γby + kB˜x˜uy
− idik
(
−kB˜x˜bz˜ + B˜′z˜by
) (9b)
1
S
(
b′′z˜ − k2bz˜
)
=
(
γ +
k2B˜2x˜
γ
)
bz˜ − kB˜x˜B˜
′
z˜
γ
by
+ B˜′z˜uy − idi
γ
k
(
u′′y − k2uy
) (9c)
where we have replaced iby with by and prime means the
derivative in the y direction. ux˜ and bx˜ can be derived
from the divergence-free conditions of u and b and the
equation for uz˜ is
γuz˜ = i
(
kB˜x˜bz˜ − B˜′z˜by
)
(10)
Note that Eq (9) is general, i.e. we can arbitrarily choose
functions Bx(y) and Bz(y) but in this study we use Eq
(3).
It is immediately seen that in the case di = 0, Eq (9)
is purely real, i.e. there are no propagating modes since
the solution of γ is real. In addition, the di = 0 condition
decouples Eq (9c) from the other two equations so the
eigenvalue γ can be fully determined by Eq (9a) & (9b).
In this case the background magnetic field appears only
in the form: kB˜x˜ = k · B0. If di > 0, in general γ is
complex, meaning that the modes are propagating. But
there is a special case B˜′z˜ = 0 when bz˜ has an exactly
pi/2 phase-difference with uy and by and thus by doing
the transformation ibz˜ → bz˜, Eq (9) becomes purely
real and so does γ. This is the case when a mode is
parallel (kz = 0) and the guide field is uniform, e.g. the
case considered by Pucci et al. (2017). In reality, when
kz = 0, a uniform Bz has no effect on Eq (9) as only B
′
z
enters the equation.
Last, we need to specify the boundary condition in
order to solve the eigenvalue problem. Far from the
center of the current sheet, we have all the derivatives
of B˜x˜ and B˜z˜ in Eq (9) to be 0 and it is easy to find
that the solutions decay exponentially with distance as
exp (−k |y|). This is the same boundary condition as the
classic 2D tearing mode.
3. RESULTS
We use the boundary-value-problem (BVP) solver im-
plemented in the Python library SciPy (Virtanen et al.
2020) to solve Eq (9). The solver adopts a 4th order
collocation algorithm with the control of residuals (ref.
Kierzenka & Shampine 2001; Ascher et al. 1994) and is
able to solve the eigenvalue and eigen-functions simul-
taneously. Unlike previous works, e.g. (Baalrud et al.
2012), which use (k, θ) to denote the wave vector, we
present our results in (kx, kz) space. In this study, we
fix S = 104, a value large enough for astrophysical appli-
cations (corresponding to SL = 10
8 for a Sweet-Parker
current sheet) and not too large so that it is not very
expensive to solve Eq (9). The domain used for solving
the equation is y ∈ [−15, 15].
We first consider the MHD case, i.e. di = 0, for which
the problem is purely real. In Figure 1, we show the
dispersion relation γ − kz at two fixed kx: kx = 0.12 in
top panel and kx = 0.5 in middle panel. kx = 0.12 cor-
responds approximately to the fastest-growing parallel
mode. In each panel, different curves represent different
guide field strength Bg. Dark to light colors correspond
to small (0) to large (100) Bg as written in the legend.
From top panel (kx = 0.12), we observe that γ in gen-
eral declines as kz increases and increasing Bg speeds
up the decline of γ with kz. The fastest growing mode
is always the parallel one (kz = 0). On the contrary,
the middle panel (kx = 0.5) shows very different results
from the top panel. For small Bg (Bg . 1), γ − kz is
monotonically decreasing. As Bg increases (Bg & 2),
the γ − kz curve transits from monotonic to concave
and the fastest growing mode is no longer the parallel
one but instead located at the new resonant surface. In
the bottom panel of Figure 1 we show kz of the fastest
growing mode (kz,m) at kx = 0.5 (peaks of curves in the
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middle panel) as a function of 1/Bg. It can be observed
that kz,m is proportional to B
−1
g , consistent with the
prediction of the resonant surface:
k ·B0 = 0 (11)
which gives
kz = −kxBx
Bg
(12)
We need to stress that, although a strong guide field
leads to an increase in max (γ(kz)) at a fixed kx in the
constant-ψ regime, the increase is limited to a small
amount. As can be seen from the middle panel of Fig-
ure 1, max (γ(kz)) increases from about 3.7 × 10−3 to
about 3.88 × 10−3, i.e. only by ∼ 5% from Bg = 0
to 100. Furthermore, the increase of max (γ(kz)) only
happens in the constant-ψ regime (large kx) but not at
the most unstable kx, as shown in the top panel of Fig-
ure 1. Thus, a strong guide field Bg cannot change the
fastest growing mode in the (kx, kz) plane: it is always
the most unstable parallel mode. Here, it is helpful to
clarify that by “parallel” we mean parallel to eˆx, i.e. the
anti-parallel magnetic field direction, though in the limit
Bg →∞ the parallel direction is actually the guide field
direction. To support our conclusion, in Figure 2, we
plot γ− kx curves at kz = 0.002 in the top panel and at
kz = 0.01 in the middle panel. Colors represent different
Bg and the black dashed curve is kz = 0, i.e. parallel
modes, for reference. Note that a uniform Bg has no
influence on the parallel modes. At a fixed kz, although
a strong guide field rises the γ − kx curve slightly in
the constant-ψ regime, it lowers the curve significantly
at smaller kx. With increasing Bg, the fastest growing
kx is shifted toward the right, i.e toward larger values,
while the peak growth rate declines rapidly. In bot-
tom panel of Figure 2, we plot γ − kx curves for a fixed
Bg = 20 but varying kz. It can be seen by comparing
the middle and bottom panels that increasing kz with
constant Bg has nearly identical effect as increasing Bg
with constant kz. This is because that in Eq (9), in the
case of a uniform guide field, all terms containing Bg are
of the form kzBg. From this plot, we can see that, the
maximum growth rate max (γ(kx)) as a function of kz
is monotonically decreasing, supporting the conclusion
that the fastest-growing mode in the 2D (kx, kz) plane
is always the most unstable parallel mode even with a
strong guide field Bg. Unless the current sheet is very
short along x, such that kx is limited to the constant-ψ
regime (Leake et al. 2020), or the system size along z is
finite (Velli & Hood 1989; Velli et al. 1990), we do not
expect the most unstable mode to be oblique, though
this does not imply that oblique modes do not become
Figure 1. Results for S = 104 and di = 0. Top and middle
panels: γ − kz curves at kx = 0.12 and at kx = 0.5. Col-
ors represent guide field strength. Bottom panel: kz of the
fastest growing mode at kx = 0.5 as a function of B
−1
g .
fundamental in the nonlinear evolution (see, e.g. Landi
et al. (2008)).
We then consider the case with finite ion inertial
length. In this case, γ in Eq (9) is complex and we de-
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Figure 2. Results for S = 104 and di = 0. Top and middle
panels: γ−kx curves at kz = 0.002 and at kz = 0.01. Colors
represent different Bg. Bottom panel: γ − kx curves for
Bg = 20 and varying kz. The dashed curve in each panel is
kz = 0, i.e. parallel modes, for reference.
compose it into real and imaginary parts γ − iω where
γ is the growth rate and ω is the oscillation frequency.
We set di = 1.0, i.e. equal to the current sheet thick-
ness. In Figure 3 we plot γ − kz (top panel) and ω − kz
(bottom panel) curves for different guide field strength
at kx = 0.5. Compared with the middle panel of Figure
1, the growth rate is larger with a finite di, as already re-
ported by (Pucci et al. 2017). Similar to the MHD case,
the increase of max (γ(kz)) has an asymptotic value as
Bg increases. Thus, the conclusion made in the MHD
case is not modified. ω has an interesting behavior: For
weak guide field, ω is almost a linear function of kz. Es-
pecially, for Bg = 0, ω − kz is exactly a straight line,
i.e. the modes are non-dispersive along z direction. As
Bg increases, similar to γ, ω(kz) is no longer monotonic
but shows a decline with kz after reaching a peak value.
In bottom panel of Figure 3, we mark the peak of each
individual curve by a square and the black dashed line
is the linear fit of the five squares. The extrapolation of
the dashed line goes exactly through the origin with a
slope ω/kz = 0.62, indicating that the maximum ω, i.e.
the mode with fastest phase speed along x as kx is fixed,
has a phase speed along z which is independent of Bg
when Bg is large. We have verified that the slope of the
dashed line is an increasing function of kx (not shown
here). Note that, the kz corresponding to max (ω(kz))
does not necessarily correspond to max (γ(kz)). In ad-
dition, ω and γ drop to 0 at exactly the same kz which
is proportional to 1/Bg as can be read from Figure 3.
In Figure 4, we show the eigen-functions solved from
Eq (9) for S = 104, di = 1.0 and kx = 0.5. Top row
shows uy, middle row shows by and bottom row shows
bz˜. Note that the range of abscissa is smaller for bz˜
because the inner layer of bz˜ is much thinner than those
of the other two quantities (Pucci et al. 2017). Blue and
orange curves in each panel are real and imaginary parts
respectively. Column (a) is for kz = 0 and thus Bg can
be any value. Column (b) is for kz = 0.06 and Bg = 0.
Column (c) is for kz = 0.06 and Bg = 5. The main point
of Figure 4 is that, with Hall effect, the eigen-functions
of the oblique mode show strong oscillation along y, as
can be seen from column (b). The oscillation is caused
by the term b′′y/S ∼ −idikB˜′z˜by in Eq (9b) from which
we can estimate a wave number along y to be
ky ∼ (1− i)
√
1
2
SkzdiB′x (13)
in the sense that by ∼ exp (kyy). With a guide field, as
shown in column (c), the eigen-functions become asym-
metric in y as expected (Baalrud et al. 2012). In addi-
tion, by comparing column (b) and (c), we see that the
strong guide field suppresses the y-oscillation. The phe-
nomenon of y-oscillation was not reported by the previ-
ous study on oblique tearing mode with finite ion inertial
length (Cao & Kan 1991). The reason was unknown but
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Figure 3. γ − kz and ω − kz curves for S = 104, di = 1.0
and kx = 0.5. Colors represent guide field strength Bg. Here
γ and ω are the real and imaginary parts of the complex γ
in Eq (9).
it might be that Cao & Kan (1991) carried out linear
simulations to solve the problem and the resolution (not
stated in (Cao & Kan 1991)) was not enough. Recently,
Akc¸ay et al. (2016) carried out two-fluid simulations of
the oblique tearing mode and in their simulations this
oscillation was seen (see their Figure 4).
4. CONCLUSION
In this study, we carried out linear stability calculation
of the oblique tearing mode with both guide field and
Hall effect. We derived the generally-applicable linear
equation set for tearing mode instability. We show that,
although a guide field leads to a non-parallel resonant
surface kz ∝ 1/Bg in the constant-ψ regime, the most
unstable mode in the (kx, kz) space is not changed: it
is still the fastest-growing parallel mode. The increase
in max (γ(kz)) at a fixed kx due to the guide field is
limited to a small fraction. The max (γ(kx)) is a mono-
tonically decreasing function of kz, i.e. increasing the
wave number along the guide field direction always low-
ers the largest growth rate of the tearing mode. With
the Hall effect, the presence of a guide field turns the lin-
ear ω−kz relation, i.e. non-dispersive propagation along
the guide field, into a non-monotonic curve. Moreover,
at a certain kx, if Bg is large enough, the peak of the
ω(kz) curve has a ω/kz value independent of Bg, i.e.
the fastest x-propagating mode has a phase speed along
the guide field independent of the guide field strength.
Last, with the Hall effect, the oblique tearing mode has
a propagating component cross the current sheet (y di-
rection) and this component is suppressed by a strong
guide field.
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